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Transient Natural Convective Conjugate
Cooling Mechanism in Vertical Fins

I. Contreras* and C. Trevino'
Universidad Nacional Autonoma de Mexico, 04510 Mexico, D. F., Mexico

and

F. J. Higuera*
Universidad Politécnica de Madrid, 28040 Madrid, Spain

An analysis is presented of the time-periodic conjugate free convective heat transfer from a long vertical, ther-
mally thin fin heated from above to the surrounding fluid. The temperature at the top of the fin oscillates with a
given frequency about a mean value that is higher than the temperature of the ambient fluid. The solution for very
long fins depends on four nondimensional parameters: the Prandtl number of the fluid; the relative amplitude
of the thermal oscillation; the Fourier number, which is the ratio of the period of the thermal oscillation to the
conduction time in the fin over a length determined by the steady solution; and the ratio of this latter time to
the residence time of the fluid in the boundary layer. Numerical and asymptotic results are given covering a wide
region of the parametric space. A linearized version of the governing equations is worked out and shown to give
oscillatory Nusselt numbers in excellent accordance with the results from the full nonlinear equations.

Nomenclature

= nondimensional parameter, Eq. (4)
specific heat of fluid

Fourier number, Eq. (5)

nondimensional function, Eq. (34)
gravity acceleration

half-thickness of the fin

nondimensional stream function, Eq. (14)
length of the fin

o transient thermal penetration length, (o, /w)
steady thermal penetration length, Eq. (1)
Nusselt number, Eq. (2)

reduced Nusselt number, Eq. (19)
Prandtl number of the fluid, v/«

total heat flux at the top of the fin
Rayleigh number based on the half-thickness of
the fin

Rayleigh number, gBAT L*3 Jav

ratio of L* to L

mean temperature at the top of the fin
temperature of the fluid far from the fin
nondimensional longitudinal and transverse velocity
components, respectively, Eq. (6)

longitudinal and transverse fluid velocity
components, respectively

Cartesian coordinates, longitudinal and
transverse, respectively

nondimensional transverse coordinate defined in
Eq. (6)

= thermal diffisivity of fluid

= thermal expansion coefficient of fluid
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y = nondimensional temperature amplitude,
AT/(To —Tx)

AT = amplitude of the temperature oscillation at the top
of the fin

£ = aspect ratio of the fin, H/L

¢ = nondimensional longitudinal coordinate, Eq. (6)

¢ = stretched coordinate, (¢ — 1)oy/Fo'/?

0 = nondimensional temperature of fluid, Eq. (6)

O = nondimensional temperature of the fin, Eq. (6)

A = thermal conductivity of fluid

Aw = thermal conductivity of the fin

v = kinematic coefficient of viscosity of fluid

& = nondimensional coordinate, Eq. (14)

0 = density of fluid

o) = nondimensional parameter, Eq. (6)

T = nondimensional time, Eq. (6)

¢ = nondimensional fluid temperature

@ = nondimensional temperature of the fin, Eq. (22)

W,, ¥; = real and imaginary functions, Eq. (23)

w = frequency of the thermal oscillation

Subscripts

c = characteristic values of parameter

u = at the top of the fin

w = properties of the fin

wh = transverse variations of properties in the fin

1) = transient process

00 = conditions of the fluid far from the fin

L

HE problem of the thermal coupling between natural convec-

tion and heat conduction in vertical or horizontal surfaces has
been extensively studied in the heat transfer literature.'~* Lock and
Gunn* analyzed a tapered isothermal short fin in a stagnant fluid
with a very large Prandtl number, using a similarity formalism.
The first investigation where the longitudinal heat conduction in
the fin was shown to modify the thermal characteristics was carried
out by Sparrow and Acharya.’ These authors show that the heat
transfer coefficient along a fin is not uniform but varies with the
distance measured from its base. Kuehn et al.5 presented a simi-
larity solution for the conjugate free convection heat transfer from
an infinitely long vertical fin at different values of Prandtl number.
A similar study using an integral formalism has been published by
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Himasekhar’ for a very long fin, whereas Sarma et al.® extended
the formulation to the case of a heat-generating fin, assuming pre-
scribed velocity and temperature profiles. Mobedi et al.? solved the
conjugate conduction—natural convection heat transfer problem on
a rectangular fin attached to a partially heated horizontal base for
air in laminar and steady flow. Trevifio et al.!” studied the steady
problem of a vertical fin heated from the top, pointing out that the
most important parameter of this problem is the ratio of a thermal
penetration length L* (to be discussed in Sec. II) to the length of the
fin L. They solved the resulting governing equations using numeri-
cal and asymptotic methods to cover the whole range of L*/L, from
a very long fin, L*/L < 1, to a short fin, L*/L > 1. They showed
that a self-similar solution exists for a sufficiently long fin.

The present paper considers the same problem described in
Ref. 10, but with the temperature at the top of the fin oscillating
around a mean value above the ambient temperature of the fluid
far from the fin. The transient problem introduces three additional
nondimensional parameters, y, Fourier number Fo, and A. Here y
is the ratio of the amplitude of the thermal oscillation to the temper-
ature difference between the mean temperature at the top of the fin
and the ambient temperature. The Fourier number Fo is the square
of the ratio of the oscillatory thermal penetration length (L, to be
given) to the steady thermal penetration length L*: Fo = (L,,/L*).
Finally, A is the ratio of the residence time of the fluid in the bound-
ary layer around the fin to the heat conduction time along the fin.
Only the important case of very long fins satisfying L > L* is dis-
cussed in what follows, which makes irrelevant the actual length
of the fin. In this work, perturbation and numerical methods are
employed, together with the boundary-layer approximation for the
fluid.

II. Order of Magnitude Estimates

The physical problem under study is shown in Fig. 1. A vertical
fin of length L, thickness 2H < L, and infinite width is immersed in
a fluid with temperature 7, which is at rest far from the fin. The top
of the fin is maintained at a temperature, which is higher than T, and
oscillates harmonically with time in the form 7, = Ty + AT sin wt,
with Ty > T,,. This induces a heat flux from the fin to the fluid,
which gives rise to an upward natural convection flow around the
fin.

Consider first the stationary flow, AT =0, around an infinitely
long fin, L — oo. Because of the heat transfer to the surrounding
fluid, the temperature of the fin decreases downward from its top,
decaying toward the ambient temperature of the fluid in a thermal
penetration region whose characteristic length L* can be estimated
from the balance of heat transfer to the fluid and heat conduc-
tion along the fin. When it is assumed that the Rayleigh number
Ra* = gB(Ty — Ts) L*3 Jarv > 1 (where B, a, and v are the thermal
expansion coefficient, thermal diffusivity, and kinematic viscosity
of the fluid), the flow around the fin is confined to a natural con-
vection boundary layer of characteristic thickness § ~ L*/Ra*'/*,
where the characteristic longitudinal velocity of the fluid is of or-
der u, ~aRa*"/?/L*. These well-known estimates, for example,
by Bejan,'' follow from the order-of-magnitude balances of verti-
cal convection and horizontal conduction across the boundary layer
[ (Ty — Too)/L* ~ a(Ty — T»y)/8%] and of buoyancy and viscous
forces [gB(Ty — Tao) ~ v, /8%]. The total heat lost by the fin per

To+ATsin(ot) /‘\TW‘T_S"%
« A
y X L*
A\ i
I 9
™ Z
2H

Fig. 1 Schematics of studied heat transfer configuration.

unit time by conduction to the fluid, for example, Q, is of the
order of L*A(Ty — Tw,)/8, where A is the thermal conductivity of
the fluid, whereas the heat conducted along the fin is of order
HXx,(Ty — Ty)/L*, where A, is the thermal conductivity of the
fin. The balance of these two fluxes yields

1" = H[Gu/m} [ Ra}] M

where Ray = gB(Ty — Tx) H? Jav is the Rayleigh number based on
the half-thickness of the fin, which is not necessarily large compared
with unity. On the basis of this estimate of the thermal penetration
length, finite length fins can be classified as long, if L >> L*, or short,
if L < L*. In the first case, which is the subject of this paper, the
actual length of the fin is irrelevant and the overall stationary Nusselt
number, or nondimensional measure of the total heat Q evacuated
by the fin per unit time is, from the earlier estimates,

Nu= 0/k(Ty ~ To) = ORa'H) = O[ (/1) Ray] - (@)

The temperature variation across the fin must be estimated to as-
certain the conditions of validity of the thermally thin-fin approx-
imation, which will be used in what follows. When AT, is the
characteristic temperature variation across the fin, the condition that
the heat flux entering the fluid should come from the solid implies
MTy—Ty) /8 ~ Ay ATy, / H, or, with use of the earlier estimate of
3,

ATyn/(Ty — To) ~ /i) Rajy ~ (H/L'?  (3)

for all but very short fins. Therefore, the thermally thin approxima-
tion [AT,, < (Ty — Ty)] is valid whenever the thickness of the fin
is small compared with the thermal penetration length, as could have
been advanced. This condition is satisfied when A, > )»Ra},“, orin
terms of Ra*, when Ra* < (A, /A)*. Within this approximation, the
temperature of the fin depends, in a first approximation, only on the
distance x along the fin and on the time.

The time it takes to establish a stationary regime when the tem-
perature of the top of the fin is suddenly raised from T, to T > T
is the largest between the conduction time in the solid, #. = L* /«,,,
and the residence time of the fluid in the boundary layer, ¢, = L*/u..
Here o, = X,/ pu €y 1s the thermal diffusivity of the fin material. The
ratio

A =1/t = (@, /o) Ra"” “

measures the importance of nonstationary effects in the boundary
layer during this transient.

A third characteristic time, equal to 1/w, is introduced by the
oscillation of the temperature of the top of the fin when AT #0.
The ratio of this time to ¢, is the Fourier number

Fo=(l/o)/t. =, [L o 5)

The ratio A/Fo=t,» measures the importance of nonstation-
ary effects in the boundary layer. The flow in the boundary layer
is quasi stationary during the oscillatory process if Fo> A. If
Fo > max(1, A), then the whole process is quasi stationary, both in
the fluid and in the solid, and the results of Ref. 10 can be applied
replacing 7Tj by the instantaneous value of the top fin temperature
T,.
The opposite case of Fo <« 1 corresponds to the limit of high
frequencies. The Fourier number can be interpreted as the square
of the ratio of the oscillatory conduction penetration length
L, = (o, /®)'/? to L*, so that L, <« L* in this limit. An impor-
tant feature of the high-frequency limit is that heat transfer to the
fluid ceases to play a role in the oscillatory process. This is be-
cause temperature oscillations in the fluid extend only to a sublayer
of characteristic thickness 8, =8 max[Fo'/®, (Fo/A)"/?], where &
is the thickness of the stationary boundary layer estimated earlier,
leading to a characteristic oscillatory heat transfer rate L,AAT /6,
which is small compared with the characteristic flux along the fin,
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Aluminum fin in water

Fig. 2 Validity regions of quasi-steady and thermally thin-fin approx-
imations in Rayleigh number Ra* and Fourier number Fo parametric
space.

HM\,AT/L,, for any A < 1/Fo. The earlier estimate of §,, follows
from the balance of convection and conduction in the oscillatory
sublayer, pcu,AT/L,~AAT/ 83), where the characteristic veloc-
ity is u, =u.(8,/8), or from the balance of heat accumulation and
conduction, pcwAT ~ LAT /52. The first balance applies when the
oscillatory sublayer is quasi stationary (A < Fo**) and the second
balance applies in the opposite case.

Figure 2 is a schematic of the different regimes in the (Rayleigh
number Ra*, Fourier number Fo) plane for a set of parameter val-
ues corresponding to a fin of aluminum in water. The thermally thin
approximation for heat conduction in the solid, Ra* < (A, /)%, is
applicable at the left of the vertical solid line in Fig. 2. The high-
frequency regime, in which the effect of the fluid on the oscillatory
process is negligible, extends to the region below the horizontal
line. The quasi stationary approximation for the flow in the bound-
ary layer (A/Fo < 1) can be used above the inclined line at the
left of Fig. 2. Therefore, the quasi stationary boundary-layer and
thermally thin approximations are valid in region 1, whereas non-
stationary effects in the boundary layer are important in region 2.
These effects would still be important in part of region 3, but the
whole analysis of the fluid may be dispensed within this region. The
thermally thin approximation fails in region 4; however this is of
no consequence for the oscillatory part of the solution in the lower
right rectangle of Fig. 2 because the oscillatory heat transfer to-the
fluid is negligible there. Finally, the quasi-steady approximation is
not valid in region 5.

If water is replaced by air as a coolant, then the inclined and ver-
tical lines of Fig. 2 shift to the left and to the right, respectively,
enlarging region 1. The quasi-stationary and thermally thin approx-
imations are valid virtually everywhere in this latter case.

III. Formulation

When the thermally thin-fin approximation (valid everywhere ex-
cluding region 4) is employed, the transient heat transfer problem
can be studied using the following nondimensional variables:

T(X,yvt)_Too Tw(xal)_Too
p=— 2D 0 g T T
TO_Too TO_Too
1
L* o, L*
U= u, V= ;
otRa"%oo7 aRa*
X
t=1+—— Y=-—2"Ra%, t=ar (6
O-OL* O'OZL*

where x is the vertical distance measured downward from the top
of the fin, x = 0; y is the horizontal distance from the surface of the
fin, positive in the fluid; and oy is a function of Prandtl number Pr
introduced for convenience (to be discussed). When the boundary-
layer approximation is used, for large values of the Rayleigh number
Ra* compared with unity, the nondimensional governing equations
(mass conservation, fluid momentum, and fluid and solid energy)

are
auU 3V
— 4+ —=0 7
ac oy ™
1
olAIU 1 U 14 92U
—+—(U—+V—= )=+ — 8
Fo 9t | Pr ar TV oy tar ®
1
AL 20 90 9% ©
Fo ot ac ) &
290, 9%, 196
D% T i (10)
Fo at ~ 0z2 v, _,

Equations (7-10) have to be solved with the following boundary
conditions:

U=V=0-6,=0 at Y=0 (11)

U=6=0 for Y > o (12)

6, =14+ ysint at =1

6, =0 for  —> 00 (13)
where y = AT /(Ty — Tx). The initial conditions are of no impor-
tance in the determination of the periodic solutions because we are
looking for the time-periodic solutions.

To solve the nonlinear set of Eqs. (7-13), it is convenient to
introduce the following transformed variables:

0 =0, 1), &, 1), E=Y/¢?
1 9h(.E D)
T
_ lohgem 1 oh(e.6.)
V= T +{2[h(§,é,r)+2$ % } (14)

In this form, the transformed governing equations reduce to

1
oy At § (9n\ L[ 0% (o :
Fo 09t \ ¢ Pr| 0&2 &

oh 9%h oh 3%h o4 +83h (15
“\ogocos acaer )|~ "0 a0 )

00%A§48(9u,¢)+h%+ ¢ 36,  dh <8¢3h a¢3h>

Fob, a1 dE 0, Or O aC 9 9E A¢C
3%
= — 16
7 (16)
290, 9%, 16,0
e (a7
Fo at  d¢2 ¢ 0 |, _,

‘When the new variables are used, boundary conditions (11) and (12)
are now written as
oh h=¢—-1=0 t E=0
_——= = —_ = al =
&
oh
—=¢=0 for
13

When the present formulation is used, the reduced nondimensional
heat transfer or Nusselt number takes the form

Nu 0 198,

- - (19)
Ra*i  A(Ty—Tx)Ra*i 00 9% | _,

& — o0 (18)

Nu* =
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Problems (13) and (15-18) have a stationary solution when
y =0. This solution, which has been computed elsewhere,!® has
0 =1/¢7 when the factor o(Pr) is chosen properly because
00 = (—56/d¢/dE | —0)* tosatisfy the stationary form of Eq. (17).
Here ¢ (&, Pr) has to be obtained from the self-similar solution of
Egs. (15) and (16),

L[, & (dhg 7 +d3h0 00

e O\ ) T e )
dpg . dhy  dy

hoE—M’oE— iz 2D

to be solved with the boundary conditions hy = dho/dé =¢y — 1 =0
at £ =0 and dhy/d§é = ¢y =0 for & — oo.

IV. Asymptotic Solution for v <« 1

A solution of Egs. (15-18) and (13) can be obtained for values of
y small compared with unity by assuming the following expansions:

0,(¢, 1) =1/t +yeE, D)+ 0(?)
h(g, &, 1) =ho(&) +yh (£, &, 1)+ O
(L. E,7) = do&) +ydi (L, E,7) + O (22)

Here ¢(¢, 1), ¢1(¢, &, T), and h, (¢, &, T) are the imaginary parts of
the complex functions

¢, 1) W(2)
G1(¢.E, 1) F = 3 DL, E) ¢ exp(it) (23)
(L€, 1) Hi(¢,&)

where i=./—1 is the imaginary unit. That is, ¢(¢,7)=
W, (¢)sin(t) + W; (¢) cos(t), where W, (¢) and W;(¢) are the real
and imaginary parts of the complex function W(¢), and similarly
for ¢, and h,. Carrying this to Eq. (17), we obtain

7
v 14d¥ Fad 2
TF _ 20 % 9% % .y, (24)
gz ¢ 9¢ g 9|, ko

to be solved with the boundary conditions W(1)=1+i0 and
W (00) =0+ i0. When the linearized versions of Egs. (15) and (16)
are used, the resulting equations for the complex functions ®; (¢, &)
and H, (¢, &) take the form

dho 9 H, 3% H, d2hy
B St N il Y 2 Bl
& g e THgm

1
o A _,OH, 1
i oy 1
Fo = 0& ' Pr

dhy 9*H,  9H, d*h, 33 H,
e [ T 2 25)

d§ 9¢o¢ a¢ d&? 083
1
oA, 9H, dhy . 8D, debo
Y4+ d)—T7¢00—— — T7¢1— + hg— + Hi—
i o MoV + Py) — Tho o 1dg + ho o8 + 1d§

(26)

T Y\ e o a ) T e

The associated boundary conditions for Eqs. (25) and (26) can be
written as

Bl (Ui _vtd)

0H,

Hl|§~>oo =(Dl|[~>oo =H1|E=O=<D1|E=0= E

£=0

aH,
98

=<b1|€~>oo =0+1i0

£ 00

The nondimensional heat flux or Nusselt number at the top of the
fin is given by

1 36,

Nu* = —
oo 3{

= Nuj + yNut + O(y?) 27
;=1

where Nuj=7/0y and Nuj=[7¢(l,7)—0¢/0¢|,=1]/09. The
corresponding value of Nusselt number Nu7 in this case is given by

Ve L[, 4%
uI_U() df

:| sin(t) — L ﬂ cos(t) (28)
=1 oo d; =1

and its rms is then
2 21
dy; 2
) ! ( > } / V2
=1 d§ =1

rms{Nu;} = |:(7— ddﬂ;,
(29

For large values of Fourier number, Fo > 1, the quasi-steady ap-
proximation for the fin can be employed, giving Nu} =35sin(r)/
40¢. The rms of Nusselt number Nuj is then rms{Nuj}=35/
(4/200) =6.1872/0y.

On the other hand, for very small values of the Fourier number
compared with unity (fast thermal oscillations), the longitudinal
nondimensional coordinate must be rescaled in Eq. (24) with ¢ =
(¢ — 1oy/Fo'/?, resulting in

EV  14F0: ¥ Fo 0,

= n ——| =iV 30
iz oy At g 0E |, G0

172

The solution up to terms of order Fourier number Fo '/~ is given by

gz)(g:, )= exp{—[l/«/ﬁ—7(Fo%/oo)]g:}
x [ cos (¢ /~/2) sin(r) — sin (£ /v/2) cos()] + O(Fo)  (31)

The first-order correction of the Nusselt number is then

7¢(0, 7) 1 d¢ 1 .
~ T w ol = + 32
o Rl ot Aol Gy

The rms value of Nusselt number Nuj is then
rms{Nu’f} = l/v 2Fo for

In this asymptotic limit, the first-order solution for the Nusselt num-
ber does not depend on o, which means that is independent of the
Prandtl number. Only the heat conduction along the fin determines
the transient heat transfer process in this limit.

Nuj

Fo— 0 (33)

V. Numerical Solutions

Equations (15-17) with boundary conditions (13) and (18) have
been numerically solved for different values of Fourier number Fo,
A, Prandtl number Pr, and y. A maximum value .« of { must be
chosen in these computations that should be sufficiently large for the
solution not to depend on it. It turns out that the minimum required
Cmax 18 @ strong function of the Fourier number. In our computa-
tions, it ranges from &max =4 for Fo =0.1 to {uax = 15 for Fo=10.
These values were large enough not to be reached by the oscillatory
thermal perturbation. The employed mesh size was 2000 points in
the longitudinal direction (A¢ =0.0015-0.007), 2001 points in the
transverse direction (A& =0.005), and A7 =0.01. At time equal
zero, the temperature profile was set equal to the steady profile
0, =1/¢7, and hy(£) and ¢y (&) were obtained by solving Egs. (20)
and (21) with their corresponding boundary conditions. Starting
from this initial profiles for h(¢, &, T) and ¢ (¢, &, T), Eq. (17) was
integrated in time using central difference discretization and the clas-
sical Crank—Nicholson scheme. The nonlinear term was linearized
using the first-order Taylor series expansion. The linear algebraic
system of equations was solved using the tridiagonal matrix solver,
and convergence was achieved using a relaxation factor. After the fin
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temperature profile is updated, Egs. (15) and (16) are numerically
integrated by decomposing the momentum Eq. (15) in a first-order
and a second-order differential equation and using a central dif-
ference discretization and the quasi-linearization technique for the
nonlinear terms. Equations (15) and (16) are then parabolic in the ¢
direction and are solved by a standard iterative method.

Consider first the solution for A =0, corresponding to a quasi-
steady boundary layer. Figure 3 shows the steady-state solution for
dhy/d§é (Fig. 3a), which is related to the longitudinal fluid veloc-
ity and ¢, (Fig. 3b) as a function of & for different values of the
Prandtl number. The nondimensional temperature gradient at the
fin decreases slightly as the Prandtl number decreases, for small
values of the Prandtl number. When the limiting case of Pr — oo is
considered, the boundary condition for kg, d*hy/d&% =0, replaces
the boundary condition (18) for & — oco. The value of oy is given
in Fig. 4 as a function of the Prandtl number. For large values of
Prandtl number Pr, oy — 9.461, whereas for very small values of
the Prandtl number, oy — 7.096/ Pri/7,

Figure 5 shows the nondimensional temperature perturbation
¢ =(6,¢7 —1)/y, obtained numerically after solving Egs. (15-17)

-0.1 4

3

dh/d
0
o
p—

a)

b)

Fig. 3 Steady-state nondimensional longitudinal velocity and temper-
ature profiles, obtained numerically as function of nondimensional co-
ordinate &: a) dhg/d€ and b) ¢o(£): O, Pr=0.1; O, Pr=0.5; A\, Pr=0.72;
V,Pr=1; O, Pr=2; <, Pr=5; >, Pr=10; and O, Pr=oo.

12.0
11.54 i
11.0 i

% 10.5- -
10.0 i

9.5

Prosco T

9.0 T
0.1 1 10

Pr

Fig. 4 Parameter o as function of Prandtl number.

Fig. 5 Transient nondimensional temperature perturbation ¢ as func-
tion of nondimensional longitudinal coordinate obtained at different
times: Pr=1,v=0.1,A =0, and Fo =5.

1.0
0.8
0.6
0.4

Fo=10 ]

1 2 3 4 5 6780910

g

Fig. 6 Real and imaginary parts of function ¥ as function of nondi-
mensional longitudinal coordinate; A =0, Pr=0.72, and three different
Fourier numbers.

for a value of y =0.1, Pr=1, and Fo=5. The nondimensional
temperature in the fin is plotted at different nondimensional times.
The most important feature of Fig. 5 is the oscillatory penetration
length, which is strongly influenced by the Fourier number. This
penetration length is clearly shown in Fig. 6, where the real, W, (¢),
and the imaginary, V;(¢), parts of the complex nondimensional
temperature are plotted as functions of ¢, for three different values
of the Fourier numbers, for Pr =0.72. For values of the Fourier
number Fo = 10, the oscillatory penetration length ¢ is close to 10,
whereas for small values of Fourier number, Fo = 0.1, the oscillatory
penetration length is smaller than 1.5.

Figure 7 shows the rms value of oscillatory Nusselt number cor-
rection, rms{Nu7}, as a function of the Fourier number, obtained
by solving numerically Egs. (15-17), with a value of y =0.1 (open
symbols) and different values of the Prandtl number. The linear ap-
proximation with y < 1, given by Eq. (24), is also plotted (lines).
The behavior of the linear and nonlinear solutions is very similar.
In Fig. 7, the asymptotic solution obtained for very small values
of Fourier number compared with unity, given by Eq. (33), is also
plotted. This asymptotic solution, which is in fact independent of
the Prandtl number, gives very good results for values of Fo <0.1.

In Fig. 8, the computed results for the rms{/Nu}} are shown for a
Prandtl number of Pr = 0.72 and different values of A, correspond-
ing to nonstationary boundary layers of the flow surrounding the fin.
The amplitude of the resulting oscillations for the Nusselt number
increases with increasing values of A, for all possible numbers of the
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3.5 T T
Numerical sol. of Numeri(?al sol.
3.04 the linearized Eqs. of non-linear Egs. |
,,,,, Pr=0.1 with y=0.1
Pr=0.72 o ::g';z
251 N\, ol st
v Prow 4
T 2.0 .
S
Z
@ 1.5 A .
£
S ~ 1
1.0 ) B
0.5 — g
Asympt. sol. for Fo -0, Eq. (33)
0.0 T :
01 1 10
Fo

Fig. 7 Root mean square of first-order reduced Nusselt number as
function of Fourier number for four different Prandtl numbers and
A=0.

Pr=0.72 -

10

Fig. 8 Influence of nonstationary effects on rms of first-order reduced
Nusselt number as function of Fourier number for Pr=0.72.

0.30 T T T

0251 o pr=072 1
—0—Prow 1
0.20- 4

0.15- 4

G(Fo,Pr)

0.10 4

0.05- -

0.00 T T T 7

0.01 0.1 1 10
Fo

Fig. 9 Nondimensional function G(Fo, Pr) as function of Fourier num-
ber for two Prandtl numbers.

Fourier number. A simple relationship of the influence of the non-
stationary effects in the boundary layer on the oscillating correction
of the Nusselt number can be written as

rms{NuT} =[1+ AG(Fo, PV)]fmS{N”T} (34)

A=0
where the subscript A =0 corresponds to the quasi-steady solution
for the boundary layer and G(Fo, Pr) is shown in Fig. 9 for two
values of Pr=0.72 and Pr — oco. The maximum influence of the
value of A on the Nusselt number corresponds to values of the
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0.8+

0.6

0.4

0.2

0.0

Fig. 10 Influence of nonstationary effects on real part of function
¥, ¥,, as function of nondimensional longitudinal coordinate ¢, for
Pr=0.72andA=0and A=1.

Fourier numbers of order unity. Finally, to assess the nonstationary
effects on the nondimensional temperature on the fin oscillating
temperature, Fig. 10 shows the real part of the complex function W
plotted as a function of the nondimensional longitudinal coordinate
¢, for a value of Fo=1, Pr=0.72, and two different values of
parameter A, that is, A=0 and A = 1. The oscillating penetration
length L, is shown to increase when the nonstationary effects in the
fluid are considered in the analysis. The overall effect is to increase
the amplitude of the resulting oscillating reduced Nusselt number
for all possible values of the Fourier numbers.

VI. Conclusions

The transient conjugated heat transfer in a vertical fin has been
studied using both analytical and numerical techniques. The tem-
perature at the top of the fin oscillates around a mean temperature
larger than the ambient temperature of the fluid far from the fin.
This transient problem introduces three nondimensional parameters
in addition to the steady-state process: y, which relates the amplitude
of the temperature due to the thermal oscillation to the steady-state
temperature difference; the Fourier number Fo =«,,/ L*w, which
relates the thermal penetration length of the transient process to
the corresponding steady-state thermal penetration length; and A,
which relates the characteristic residence time in the fluid to the
characteristic diffusion time in the fin. The nonlinear problem has
been solved using numerical techniques for any value of parame-
ter y. The results show that the linearized version of the governing
equations seems to give excellent results for the oscillatory Nusselt
number compared with the full nonlinear equations. The heat con-
duction along the fin determines the transient heat transfer problem
in the limit of small Fourier numbers compared with unity. The
results obtained by using the quasi-steady approximation for the
fluid give always lower values of the amplitude of the oscillating
heat transfer than those obtained when including the nonstationary
effects.
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